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Answers to exercise 10
1. (a) In matrix addition elements are added element-wise, so we can restrict

our analysis to simple elements. Addition A + B is symmetric to A
and B so we need to study an error in an element of A only. Let a be
an element of A and b and element of B. Then a + b = c. If a has an
error ∆a, then a + ∆a + b = c + ∆c.
The absolute condition is

κ(′+′, a) = sup
a,∆a

|a + b− (a + ∆a + b)|
|∆a|

= sup
a,∆a

|∆a|
|∆a|

= 1.

(b) Matrix multiplication is, for the individual elements merely vector
inner-products, so we can restrict our analysis to inner-products only.
The inner-product is defined as

c = aHy =
n∑

k=1

akyk. (1)

Algorithmically, it can be calculated with:

s(1) = 0
for k = 1 to m

t(k) = a(k)*y(k)
s(k+1) = t(k) + s(k)

end
c = s(m+1)

For each iteration step we have

tk = akyk(1 + ξk) (2)



and

sk+1 = (tk + sk)(1 + ηk)

= akyk(1 + ξk)(1 + ηk) + sk(1 + ηk)

= akyk(1 + ξk)(1 + ηk)

+ ak−1yk−1(1 + ξk−1)(1 + ηk−1)(1 + ηk)

+ sk−1(1 + ηk−1)(1 + ηk)

=
k∑

h=1

ahyh(1 + ξh)
h∏

l=1

(1 + ηl)

=
k∑

h=1

ahyh(1 + εh+1)

(3)

where (1 + εh+1) = (1 + ξh)
∏h

l=1(1 + ηl). If we assume that |ηk|
and |ξk| are both bound by η (which is reasonable), that is, we have
max{|ηk|, |ξk|} < η, then

(1− η)k ≤ 1+εk ≤ (1 + η)k

(1− η)k − 1 ≤ εk ≤ (1 + η)k − 1
(4)

whereby

|εk| < max
{∣∣(1− η)k − 1

∣∣ ,
∣∣(1 + η)k − 1

∣∣} =
∣∣(1 + η)k − 1

∣∣ .
(5)

Therefore, the numerical representation of the dot-product is

ĉ = aHy(1 + ε) (6)

where for ε it holds that

|ε| < |(1 + η)n − 1| . (7)

η is the relative accuracy of the corresponding numerical representa-
tion and n is the number of elements in vector a.
Note that we cannot estimate the bounds of ε within the floating point
arithmetic whose bounds it estimates, since the numerical accuracy is
not sufficient. We therefore have to estimate these bounds with, for
example, Taylor expansion.

2. Let A be an N × N hermitian matrix, A = AH , vi be the eigenvectors of
A, λi the corresponding eigenvalues and |λi| ≤ |λi+1|.
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Then A is unitary similar to a diagonal matrix, that is, we can write

A = QDQH

where QQH = QHQ = I and

D =


λ1 0 . . . 0

0 λ2
. . . ...

... . . . . . . 0
0 . . . 0 λN

 .

Then we can write

||A||22 = max
x6=0

||Ax||22
||x||22

= max
x6=0

xHAHAx

xHx
= max

x6=0

xHAAx

xHx

= max
x6=0

xHQDQHQDQHx

xHx
= max

x6=0

xHQDDQHx

xHQQHx

since QHQ = I. Substituting y = QHx yields

||A||22 = max
y 6=0

yHDHDy

yHy
= max

y 6=0

||Dy||22
||y||22

= ||D||22

Note that the largest element of D is λN and thus ||D||22 = λN , whereby
||A||22 = λN .

3. Eigenvalues λk of autocorrelation matrices are positive λk > 0, but numeri-
cal errors can make that limit approximate λk ' 0. Addition of a sufficiently
large constant µ will make the eigenvalues strictly positive λk + µ > 0. For
the autocorrelation matrix R this corresponds to R + µI, that is, regularisa-
tion of R.

In LMMSE estimation we invert matrix Rx + σ2
vI, that is, we invert Ry =

Rx + σ2
v . Clearly this corresponds to regularisation of Rx. However, Rx

is generally estimated from Ry by Rx = Ry − σ2
vI, which is the opposite

of regularisation and we actually make the conditioning worse. The larger
σ2

v is, the more prominent the problem becomes. However, since we do not
need to invert Rx that is not an immediate problem.

On the other hand, if Ry is ill-conditioned from the beginning, we might
benefit from regularisation. Here are three possible methods:

(a) Originally we had

H = Rx(Rx + σ2
v)

−1 = (Ry − σ2
vI)R

−1
y (8)
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but by replacing Ry by Ry + µI we obtain

Ĥ = (Ry + (µ− σ2
v)I)(Ry + µI)−1.

By choosing µ = σ2
v we obtain a convenient form

Ĥ = Ry(Ry + µI)−1.

(b) From Eq. 8 we see that we are inverting only Ry and we need to reg-
ularise only Ry and we can leave Ry − σ2

vI intact. Then

Ĥ = (Ry − σ2
vI)(Ry + µI)−1.

Heuristically, this has the benefit that we regularise (=corrupt) only
those matrices that require regularisation.

(c) By rewriting we obtain

H = (Ry − σ2
vI)R

−1
y = I− σ2

vR
−1
y

whereby, again, we need only regularise Ry and have

Ĥ = I− σ2
v(Ry + µI)−1

We observe that the choice of regularisation method is not trivial. Each of
the above methods are well-warranted and we do not have general means
of choosing a method. Our proposition is to analyse results in speech en-
hancement with both objective measures and listening tests in order to find
the superior method.
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