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1 Eigenanalysis
Let B be a N×N matrix. The eigenvectors uk of B are vectors for which it holds
that

Buk = λkuk (1)

where λk is the eigenvalue corresponding to uk. If uk and uh are both eigenvectors
of B and B is symmetric (B = BT ) then

λhu
T
huk = uT

hBTuk = uT
hBuk = λku

T
huk. (2)

It follows that if λk 6= λh, then we must have uT
huk = 0. In other words, the

eigenvectors are orthogonal1. Moreover, we can choose the scaling of the vectors
uk such that ||uk||2 = uT

k uk = 1 and then

uT
huk =

{
1 if h = k

0 if h 6= k.
(3)

Define U = [u0 . . .uN−1] and

D = diag(λk) =


λ0 0 . . . 0

0 λ1
. . . ...

... . . . . . . 0
0 . . . 0 λN−1

 . (4)

Then2 UTU = UUT = I and

BU = UD. (5)
1We can readily show that eigenvectors with equal eigenvalues can be chosen in such a way

that they are orthogonal, since such eigenvectors are not unique.
2Quite strictly speaking, we have shown only UT U = I, but also UUT = I is true.
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Multiplying from the left by UT yields

UTBU = UTUD = D. (6)

Similarly, multiplying Eq. 5 from the right by UT yields

BUUT = B = UDUT . (7)

This relation is known as the eigendecomposition of B.

2 Linear model
Let us assume that we have a speech signal x = [x0 . . . xN ]T corrupted by un-
correlated additive white noise v = [v0 . . . vN ]T , whereby the observed signal is
y = x + v. Our objective is to find an estimate x̂ of x using a linear model

x̂ = Hy. (8)

An optimal model H would have Hx = x and Hv = 0, since then we would have
x̂ = Hy = H(x + v) = x.

Let us assume that the speech signal x has such a structure that it can be written
as

x = Ac (9)

where A is an N×M matrix with N > M , that is, A is a rank-deficient matrix and
the above equation has more equations the free parameters in c = [c0 . . . cM−1]

T .
The description of x using c is thus a compression of the information in to a more
compact form.

We can then try to find such a vector c that Ac explains as much of y as
possible, that is,

ĉ = arg min
c
||y −Ac||2. (10)

The solution is readily found as the pseudo-inverse

ĉ = (ATA)−1ATy (11)

whereby the estimated signal is

x̂ = Aĉ = A(ATA)−1ATy. (12)

Our linear model is then H = A(ATA)−1AT , but unfortunately, we do not know
how to choose A.
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In order to find a A, let us first study the autocorrelation of x

Rx = E[xxT ] = E[AccTAT ] = AE[ccT ]AT = ARcA
T . (13)

The eigendecomposition of Rc is Rc = VD1V
T and thus

Rx = ARcA
T = AVD1V

TAT = U1D1U
T
1 (14)

where U1 = AV. Then
U1V

T = AVTV = A. (15)

The eigendecomposition of Rx is

Rx = UDUT . (16)

Notice that while D1 is M ×M , matrix D is N ×N . We therefore can make the
choice that U can be partitioned as U = [U1 U2] and we have

Rx = UDUT = [U1 U2]

[
D1 0
0 D2

] [
UT

1

UT
2

]
= U1D1U

T
1 + U2D2U

T
2 .

(17)

Since Eqs. 14 and 17 must both hold, we must have D2 = 0. In other words, the
speech signal does not have non-zero eigenvalues in the space spanned by U2 and
it corresponds to the noise subspace. Note also that

I
N×N

= UUT = U1U
T
1 + U2U

T
2

I
M×M

= UT
1 U1

I
(N−M)×(N−M)

= UT
2 U2

(18)

Inserting Eq. 15 into Eq. 12 yields

x̂ = A(ATA)−1ATy = U1V
T (VUT

1 U1V
T )−1VUT

1 y

= U1V
TV(UT

1 U1)
−1VTVUT

1 y = U1(U
T
1 U1)

−1UT
1 (y) = U1U

T
1 y

(19)

since VVT = VTV = I and UT
1 U1 = I. Therefore, our linear filter is H =

UT
1 U1. However, we obtained matrix U1 from Rx which we do not have. For-

tunately, we can see that the eigenmatrix of Ry and Rx is equal by the following
derivation.

The covariance of y is

Ry = E[yyT ] = E[(x + v)(x + v)T ]

= E[xxT ] + E[vvT ] + E[xvT + vxT ] = Rx + Iσ2
v

(20)
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since x and v are uncorrelated and v is white Rv = σ2
vI. Since U is the eigenma-

trix of Rx we have

RyU = RxU + σ2
vU = (D + σ2

v)U = D̂U (21)

where D̂ = diag(λk + σ2
v). It follows that the eigenmatrix of Ry is U and the

eigenvalues are λ̂k = λk + σ2
v .

In other words, all eigenvalues that are (approximately) equal to (or smaller
than) σ2

v belong to the noise subspace. It follows that we can find U1 by finding
those eigenvectors of Ry that correspond to eigenvalues λk larger than σ2

v , that is
λk > σ2

v .
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